We investigate manifestations of topological order in monoaxial helimagnet Cr 1/3 NbS2 by performing transport measurements on ultra-thin crystals. Upon sweeping the magnetic field perpendicularly to the helical axis, crystals thicker than one helix pitch (48 nm) but much thinner than the magnetic domain size (∼1 µm) are found to exhibit sharp and hysteretic resistance jumps. We show that these phenomena originate from transitions between topological sectors with different number of magnetic solitons. This is confirmed by measurements on crystals thinner than 48 nm -in which the topological sector cannot change-that do not exhibit any jump or hysteresis. Our results show the ability to deterministically control the topological sector of finite-size Cr 1/3 NbS2 and to detect inter-sector transitions by transport measurements.
The properties of many electronic systems are characterized by topological indices that allow all possible states to be grouped into distinct topological sectors [1] [2] [3] [4] [5] . Since topological indices assume discrete values, changes in topological sector can only occur through abrupt transitions that can be detected experimentally. Investigating these transitions under controlled conditions and probing properties associated to "topological order", however, is not simple, as it requires the ability to tune the state of the system in a predefined topological sector, i.e. to deterministically set the topological indices of the system by acting on experimental parameters. Here we show that this level of control can be achieved by means of magnetoresistance measurements on mechanically exfoliated crystals of monoaxial chiral helimagnet Cr 1/3 NbS 2 .
Our experiments build on earlier work that has established the key properties of Cr 1/3 NbS 2 , a layered material consisting of alternating NbS 2 and Cr planes (see Fig. 1(a) ) [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] . At low temperature, the S = 3/2 spins on the Cr atoms order ferromagnetically in each plane, forming a helix that winds around the direction perpendicular to the planes ( Fig. 1(b) , the zero-field helix pitch L 0 is 48 nm) [9, [11] [12] [13] [14] . Lorentz microscopy has shown that in-plane magnetic field B causes the helix to deform, resulting in a so-called chiral soliton lattice [12] . The lattice ( Fig. 1(b) ) consists of narrow regions in which the spins make a complete 2π revolution (the solitons), separated by stretches of ferromagnetically aligned spins, whose extension -which determines the lattice period L B -increases upon increasing B (Fig. 1(c) ) [12] . The observed microscopic evolution of the helix, as well as the detailed magnetic response of bulk crystals, conform quantitatively to a theoretical (one-dimensional) model proposed by Dzyaloshinskii over 50 years ago, comprising Heisenberg and Dzyaloshinskii-Moriya interactions between nearest neighboring spins (besides the Zeeman term in the presence of a magnetic field and a magnetic anisotropy term that forces the spins to point perpendicularly to the helix direction) [18, 19] .
Whenever it is spatially confined, the chiral soliton lattice in Cr 1/3 NbS 2 is predicted to exhibit interesting phenomena [20] [21] [22] [23] . Some of these phenomena have been observed recently in small specimen (10 µm in linear dimensions) cut from bulk crystals, in which confinement originates from the presence of magnetic domains extending for approximately 1 µm in the helix direction [22] . Upon increasing B, the separation between solitons increases, so that their total number in each finite-size domain decreases. Since the number of solitons corresponds to the total spin winding number that is a topological index, the soliton number can only change through discrete transitions. These transitions have been detected by analyzing Lorentz microscope images [22] . It was argued that hysteresis and a sequence of jumps present in the magneto-resistance of small specimen, but absent in bulk crystals (see Fig. 1(d) ), are a transport manifestation of the changes in soliton number [22, 23] . This conclusion is very interesting, as it implies the ability to probe topological aspects of the magnetic state of Cr 1/3 NbS 2 by monitoring transport properties. Its validity is however unclear because the magneto-resistance jumps could not be directly linked to specific changes in the soliton confi- 
, of bulk Cr 1/3 NbS2 measured at 250 mK. The blue/red curves correspond to measurements performed upon sweeping the in-plane field B in the directions indicated by the blue/red arrows. An abrupt resistance drop at Bc ∼ 0.17 T with no hysteresis is observed.
guration, and because it was not ruled out that the jumps may originate from domain switching.
To avoid these problems, we investigate these same phenomena by working with Cr 1/3 NbS 2 crystals much thinner than the magnetic domain size. Fig. 2(a) shows optical microscope images of a selection of crystals having thickness (t) between 28 and 300 nm, whose surfaces are parallel to the NbS 2 and the Cr planes. The magnetic helix is oriented perpendicular to the substrate, so that the crystal thickness determines the number of solitons present at B = 0. We produced these crystals, up to 500 times thinner than the specimen studied in Ref. [22] , by means of mechanical exfoliation, following the same procedure used to extract graphene from graphite. Exfoliation is more difficult for Cr 1/3 NbS 2 because of strong chemical bonds between the Cr and S atoms ; nevertheless, atomic force microscope images (see Figs. 2(b-c) ) show that the crystal surface is flat and uniform.
Transport through Cr 1/3 NbS 2 crystals as thin as the ones discussed here has not been investigated earlier and it is important to identify which properties depend on thickness and which do not. Fig. 2(d) shows that all exfoliated crystals exhibit the same temperature dependence of the resistance (identical to that of the bulk). A pronounced decrease in resistance starts around T = 130 K, corresponding to the transition temperature T c to the he- limagnetic state. Since T c is determined by the strength of the microscopic interactions between nearest neighboring spins (and -in the range investigated here-not by the thickness) this behavior is not surprising [24] . Nevertheless, the excellent reproducibility upon varying the thickness is worth commenting, as it indicates the absence of any significant material degradation (not warranted a priori for thin crystals exposed to air during exfoliation and device fabrication). The relative change in resistance upon the application of an in-plane magnetic field,
, is shown in Figs. 3(a-d) for several crystals containing one ((a,b) ; t = 57 nm and 79 nm respectively), two ((c) ; t = 113 nm), and five ((d) ; t = 280 nm) complete helix periods at B = 0. The behavior is representative of what we observed in more than 10 devices realized with crystal having thickness between approximately 50 and 300 nm, exhibiting common features and systematic trends. For these crystals, hysteresis in the magneto-resistance upon reversing the sweeping direction of the applied field is always present, and is accompanied by sharp jumps. The phenomena cannot originate from magnetic domains, since all crystals are significantly thinner than the domain size [22] . We find that the number of jumps tends to increase with increasing the crystal thickness, seemingly correlating with the number of complete periods present in the magnetic helix at B = 0 (determined by t/L 0 where L 0 is the helix pitch). For instance, the crystals in Figs. 3(a) and 3(b) contain one full period and exhibit one jump, the crystal with t = 113 nm (Fig. 3(c) ) contains two full periods and exhibits two jumps. The t = 280 nm crystal contains five full periods at B = 0, Resistance jumps and pronounced hysteresis are seen, absent in bulk Cr 1/3 NbS2 (see Fig. 1(d) ). The insets zoom-in on a small B range to make the smaller jumps visible. (e) Thickness dependence of the critical field Bc, corresponding to the highest value of B at which a resistance jump is observed. The experimental data (dots) are in good agreement with calculations (solid line). The resistance continues to decrease for B > Bc, as shown in (f) by plotting
versus t. The data (dots) approximately exhibit a 1/(t − L0) dependence (solid line) expected as the phenomenon originates from alignment of spins close to the crystal surfaces. The yellow regions in (e,f) denote the thickness range below L0. and four jumps are observed, but the jump at B ∼ 0.17 T appears to be smeared, suggesting that it may originate from two jumps that are not resolved individually. The magnetic field at which the last jump occurs systematically increases with increasing crystal thickness, as shown in Fig. 3(e) . Finally, the total change in the relative magneto-resistance measured after the last jump decreases with increasing thickness (see Fig. 3(f) ; this same quantity vanishes in bulk crystals).
All the observed trends can be understood in terms of a theoretical model known to properly describe the magnetic state of Cr 1/3 NbS 2 (the model is discussed in several papers and here we only recall the key conceptual aspects ; see also Supplemental Material [25] ) [12, 14-16, 21, 26, 27] . The model enables the spin configuration to be determined through the minimization of the system energy expressed as a functional of the local magnetization. Its validity for Cr 1/3 NbS 2 has been established by direct comparison with Lorentz microscopy experiments and magnetization measurements, which enable the model parameters to be extracted quantitatively [12, 22] . The model has also been applied to strained MnSi thinfilms [28, 29] [30] to interpret magneto-transport data closely related to the ones discussed here. In this context, it was assumed that all changes causing a better aligned spin configuration result in smaller measured resistance [25] .
In this same spirit, we reproduce some of the known results by solving the model numerically as a function of B for crystals of different thicknesses, and we use the numerical solutions to illustrate the aspects of the behavior that account for the experimentally observed trends [25] . Fig. 4(a-c) show the lowest energy spin configuration -represented by the x component of the spin on the chromium atoms planes-calculated at B = 0 for crystals having t = 1.5 L 0 , 2.5 L 0 , 5.5 L 0 (hosting respectively 1, 2, and 5 complete spin windings). For any given thickness, we calculate the spin configuration that minimizes the energy as the magnetic field is increased. This is done by minimizing the energy in each topological sector separately and comparing the resulting values to determine the absolute minimum. The outcome of this procedure is illustrated in Fig. 4(d) for the t = 2.5 L 0 crystal. The lowest energy state at B = 0 contains two magnetic solitons (Fig. 4(b) ), but at a sufficiently large in-plane magnetic field the state with one soliton (Fig.  4(e) ) becomes energetically favorable. At even larger B, the state with no solitons has the lowest energy, and all the spins are aligned, except those in proximity of the surfaces (Fig. 4(f) ). Past this field, any further increase in B only causes a gradual alignment of these spins. Such a sequence of transitions, with the number of solitons decreasing monotonously upon increasing B, is what the model predicts for all values of t (not only for t = 2.5 L 0 ).
This behavior accounts for all the experimentally observed trends. At each transition the resistance decreases, exhibiting a jump, because in configurations with a smaller number of solitons the spins are on average better aligned to the applied field [25] . Therefore, the total number of jumps in the magneto-resistance equals the number of transition between states with different number of solitons, which can be calculated (and typically corresponds to the largest integer smaller than t/L 0 ). This is indeed in line with the experimental observations. Hysteresis is expected theoretically because configurations with number of solitons differing by one have different parity relative to the center of the crystals, so that whenever the system undergoes a transition, the spin configuration changes abruptly over the entire crystal. As a result, there is an energy barrier between solutions with different number of solitons, so that upon small variation of B the system stays in the local minimum even when this is not the lowest energy configuration. The values of B at which the transitions occur can be calculated as a function of t and compared to the experiments. We focus on the last transition observed upon increasing B past B c (i.e., the transition between the configurations containing 1 and 0 solitons), because this transition is present in all crystals with t > 50 nm, giving us enough statistics for a meaningful quantitative comparison [31] . The data are systematic and the agreement with calculation is very good (see Fig. 3(e) ). Finally, the model also explains the trend seen in the magnitude of the magneto-resistance measured upon varying B past B c . In this regime the magneto-resistance decreases because the spins next to the two crystals surfaces (see Fig. 4(f) ) align progressively to the applied field as B is increased. The gradual decrease in resistance is therefore a surface effect whose magnitude should be expected to decay approximately as 1/(t − L 0 ) and vanish in the bulk. This indeed agrees with the experiments (see Fig. 3(f) , and Fig. 1(d) for the behavior of the bulk).
The relevance of these results stem from the fact that, contrary to all earlier work on Cr 1/3 NbS 2 [22, 23] , the crystals investigated here are substantially thinner than the magnetic domain size, so that domain switching can be excluded as possible origin of the phenomena. This and the agreement between observations and theoretically expected trends allow us to conclude that the observed jumps and the hysteresis do originate from transitions between states with different soliton number. The use of exfoliated crystals enables us to obtain further evidence supporting this conclusion, as it allows us to investigate crystals thinner than the helix pitch, a regime that has not been explored so far. No jumps and hysteresis in the magneto-resistance should be expected, because in this regime the soliton number vanishes for all values of B, and no topological transition can occur. Fig.  5 shows that this is indeed the case : in all Cr 1/3 NbS 2 crystals thinner than the helix pitch at B = 0 only a negative magneto-resistance is observed due to the gradual spin alignment upon increasing B. No jumps or hysteresis are present. This drastic qualitative difference in behavior observed upon changing the crystal thickness by only a few nanometers is striking. It provides conclusive evidence that in Cr 1/3 NbS 2 the topological sector of the system can be controlled and probed by transport measurements.
In summary, we have performed experiments on very thin exfoliated crystals showing that the number of solitons in Cr 1/3 NbS 2 can be controlled by selecting the appropriate crystal thickness and by acting on the applied field. The experiments further show that changes in the number of solitons manifest themselves in hysteretic magneto-resistance jumps. These results imply that the topological sector of the system can be deterministically controlled and probed by transport measurements. to show that the magnetization does indeed increase in "jumps" in correspondence of each transitions from one topological sector to another one with a smaller number of magnetic solitons. Fig.6 presents the numerical phase diagram of Cr 1/3 NbS 2 as a function of thickness t and of applied external magnetic field B. For samples of thickness nL 0 < t < (n + 1)L 0 (n is a non-negative integer, L 0 = 48nm is the spiral period) there are n phase transitions between topological sectors. As expected, all phase boundaries approach the bulk critical field B ≈ 0.17T when the thickness is increased. Starting from thicknesses about t ≈ 140nm, phases with a small number of solitons are stabilized only in a very narrow interval of magnetic field B and will be difficult to detect experimentally (that is why in the main text we focused our quantitative analysis on the last transition, occurring at B c ).
The multiple transitions between topological sectors observed experimentally in the magneto-resistance can be detected numerically by looking at the average magnetization :
as a function of the magnetic field. Fig.7 presents these results for four different chain lengths. They agree qualitatively with the experimental results. As explained above, the jumps in the average magnetization are expected to correspond to the jumps in the magneto-resistance. 
ANALYTICAL CALCULATION
The above numerical results can be verified through an analytical calculation based on Hamiltonian (1) by reformulating it in the continuous limit [12, [14] [15] [16] . Due to strong anisotropy in the z direction, the spins are confined to be in the easy plane (xy plane), and their configuration can be described by the azimuthal angle Φ(z). The total energy, therefore, is expressed as a functional of Φ(z),
where t is the film thickness, q 0 = D/J is the wave vector of helix structure without external magnetic field, and h = µ B B/J is the normalized magnitude of external field. Through this energy functional, Φ(z) should satisfy the following Sine-Gordon equation :
and its general solution is expressed as
where φ(u, k) is the Jacobi amplitude with modulus k. This solution is parametrized by the two quantities k and z 0 , which should be determined by minimization of total energy with the appropriate boundary condition. Modulus k determines the period of the soliton structure L B through
where K(k) is the complete elliptical integral of the first kind, z 0 determines the phase shift of the structure. Once The figures show the transition from the energetically favored one-soliton structure to zero-soliton structure, as the magnetic field is increased. The exact transition point for the case of t = 1.6L0 is found to be at h = 0.544, which corresponds to B = 0.15 T in the numerical calculation. Note that in the figures, for the same value of t/LB, there are two or three minimum energy points, which should correspond to the same spin configuration, since z0/t is related with only the phase shift. the two parameters are specified, the spin configuration is determined. For a bulk system, the parameter z 0 does not affect the energy and it has already been found that, to minimize the energy, k should satisfy the condition : 4 √ hE(k) − πkq 0 = 0, where E(k) is the complete elliptical integral of the second kind. This condition gives rise to the critical field for bulk system, h c = π 2 /16 ≈ 0.6185, corresponding to the value of B c = 0.17T obtained by numerical calculation.
For a finite system, there is no particular reason to assume any preference in the xy plane on the boundary, and therefore a free boundary condition is expected. The energy functional can be explicitly written down as a function of thickness t, parameter k and z 0 E/J = 2
with
where we simply write φ z ≡ φ( √ hz/k, k). F (φ, k) and E(φ, k) are the incomplete elliptic integral of the first and second kind, respectively. The conditions on z 0 to minimize energy (7) are found to be as : z 0 = −t/2 or z 0 = (L B − t)/2. Even though the condition on parameter k cannot be written down explicitly, energy functional form (7) enables us much more easily to determine the numerical value of k that minimizes the total energy (1). We will not repeat the results calculated based on (7) , that are in perfect agreement with numerical calculation. We just plot the energy as a function of t/L B and z 0 /t for different values of external field and vividly demonstrate the topological transition from one kind of soliton structure to another, as in Fig. 8 .
